A class of predictive SO(10) grand unified theories with highly asymmetric mass matrices, known as lopsided textures, has been developed to accommodate the observed mixing in the neutrino sector. The model class effectively determines the rate for charged lepton flavour violation, and in particular the branching ratio for µ → eγ, assuming that the supersymmetric GUT breaks directly to the constrained minimal supersymmetric standard model (CMSSM).
Introduction
Neutrinos have been observed to oscillate between flavour states [1] - [8] , which implies neutrino mass and mixing. In addition, the combined observations suggest that both the atmospheric and solar mixing angles are nearly maximal, known as the large angle mixing solution (LMA). Interestingly, the LMA solution implies that the lepton mixing scenario is radically different from the quark sector. From the low energy point of view, we should expect that the neutrino mass inducing dimension 5 operator (HHLL) would be the first observable signal beyond the renormalizable operators that compose the standard model. Furthermore, the smallness of the inferred masses suggests that the mechanism responsible for neutrino mass is distinct from purely electroweak physics, and could naturally arise from physics at a very high scale. The dimension 5 operator can be induced by adding three heavy gauge singlet Majorana fermions (one for each generation) to the standard model.
Upon integrating the heavy Majorana fermions out at their associated scale, small neutrino masses are induced after electroweak symmetry breaking. This neutrino mass generating technique is the see-saw mechanism [9] .
While the see-saw mechanism is an economical and natural way to understand the smallness of the inferred neutrino masses, there are many possible methods of implementing it, and therefore detailed neutrino observations can be used to constrain GUT models. Perhaps the most elegant GUT uses the grand unifying group SO (10) in four spacetime dimensions.
The spinor representation of SO(10) is 16 dimensional, which accommodates all the helicity states of one fermion family plus an extra singlet degree of freedom for a Majorana neutrino.
The generations are simply three copies of the spinor representation. Since GUTs relate quark and lepton masses and mixings, it is perplexing from a model building perspective as to why lepton mixing is so different from that in the quark sector. More specifically, it is of interest to understand why |U µ3 | of the MNS matrix is so much larger than |V cb | of the CKM matrix. Over the last few years a number of models have been developed to address this difference [10] - [20] . Recently, a particularly interesting and highly successful class of supersymmetric SO (10) GUTs has emerged that makes use of asymmetric mass matrices known as lopsided textures [10, 11, 12] . In these models, the charged lepton sector is responsible for the large atmospheric mixing angle while the Majorana singlet neutrino matrix has a simple form that results in the large solar mixing angle. Throughout this paper we will refer to these models as the AB model class [10] .
After GUT breaking, these models reduce to the R-parity conserving minimal supersymmetric standard model (MSSM) with specific model dependent relationships amongst the Yukawa couplings. In addition to the constraints already provided by the neutrino physics (and the demand that these models reproduce all the low energy physics of the standard model), the WMAP satellite observations [21] provide strong constraints on the available supersymmetric parameter space if the lightest supersymmetic particle (LSP) is assumed to compose the dark matter [22, 23, 24] . Assuming the constraints on the CMSSM from the WMAP data, the definite flavour structure of the AB models will result in specific soft supersymmetry breaking parameters. Therefore, the AB model class gives well defined predictions for lepton flavour violation and in particular µ → eγ. It is of considerable interest to determine how the lepton flavour changing neutral current bounds restrict the CMSSM parameters for the AB model class in light of the WMAP data.
We organize this paper as follows. In section 2 we outline the essential details of the AB models, the supersymmetric parameter space, and the calculation for µ → eγ. We consider µ → eγ since at the present time, with the current bound [25] of BR(µ → eγ) < 1.2 × 10 −11 , this process gives the strongest constraints on lepton flavour violation in the class of models that we discuss. Furthermore, the MEG experiment at PSI [26] expects to improve on this bound with the expected sensitivity of BR(µ → eγ) 5 × 10 −14 . This experiment will provide stringent limits on models with charged lepton flavour violation. In section 3 we display our numerical results with the combined constraints from µ → eγ and the WMAP satellite observations, and in section 4 we present our conclusions. The appendix provides further calculational details.
The AB Model Definition
The AB model class is based on an SO(10) GUT with a U(1)×Z 2 ×Z 2 flavour symmetry and uses a minimum set of Higgs fields to solve the doublet-triplet splitting problem [10, 11, 12] .
The interesting feature of these models is the use of a lopsided texture. The approximate form of the charged lepton and the down quark mass matrix in these models is given by
where σ ∼ 1 and ǫ ≪ 1. As pointed out by the authors of [10] , this asymmetric structure naturally occurs within a minimal SU(5) GUT where the Yukawa interaction for the down quarks and leptons is of the form λ ij5i 10 j 5 H (5 H denotes the Higgs scalars). In an SU (5) GUT, the left-handed leptons and the charge conjugate right-handed down quarks belong to the5 while the 10 contains the charge conjugate right-handed leptons and the left-handed down quarks. Therefore the lepton and down quark mass matrices are related to each other by a left-right transpose. Since SU(5) is a subgroup of SO (10) , this feature is retained in an SO(10) GUT. This lopsided texture has the ability to explain why |U µ3 | >> |V cb |. Making use of this observation, the AB models contain the Dirac matrices U, N, D, L for the up-like quarks, Dirac neutrino interaction, down-like quarks, and the leptons respectively [12] ,
where form of the heavy Majorana singlet neutrino matrix needs to be chosen [11, 12] , namely,
where the parameters ǫ and η are as defined in equation (4) . The parameters a and b are of order 1 and Λ N ∼ 2 × 10 14 GeV. Since the Majorana singlet neutrino matrix is not related to the Dirac Yukawa structure, it is not surprising that this matrix should take on a form independent from the rest of the model. Once these choices have been made, the AB model class is highly predictive and accurately fits all the low energy standard model physics and the neutrino mixing observations.
It should be emphasized that all these relations are defined at the GUT scale and are therefore subject to renormalization group running [9] . If we conservatively assume that the GUT symmetry breaks directly to the standard model gauge symmetries, SU(3)×SU (2)×U (1), and that supersymmetry is broken super-gravitionally through a hidden sector in a flavour independent manner, the AB model class will give well defined predictions for charged lepton flavour violation. There may also be significant contributions to the off-diagonal elements from renormalization group running between the GUT and gravity scales [28, 29] . Since the particulars of GUT and supersymmetry breaking -as well as the possibility of new physics above the GUT scale -can have model dependent effects on the branching ratio for µ → eγ, we do not consider an interval of running between the GUT and gravity scales.
The specific model predictions for the Dirac Yukawa couplings and the form of the Majorana singlet neutrino matrix will feed into the soft supersymmetry breaking slepton mass terms through renormalization group running, generating off diagonal elements that will contribute to flavour changing neutral currents [27] . The amount of flavour violation contained in the AB model class can be examined through the branching ratio of the process µ → eγ.
Numerical Results for µ → eγ
After GUT and supersymmetry breaking, we have the constrained minimal supersymmetric standard model (CMSSM) with heavy gauge singlet neutrinos to make use of the see-saw mechanism. The leptonic part of the superpotential is
where Y E , Y N are Yukawa matrices, and M N is the singlet Majorana neutrino mass matrix.
The totally antisymmetric symbol is defined ǫ 12 = +1. We explain our notation in detail in the appendix. On integrating out the heavy singlet neutrinos, equation (6) reduces to
where
is the see-saw induced light neutrino mass matrix. The coefficients β and v are defined in terms of Higgs fields expectation values by
The neutrino mass matrix, equation (8), is in general not diagonal and this is the source of lepton flavour violating interactions.
We assume that supersymmetry is broken softly in that breaking occurs through operators of mass dimension 2 and 3. The soft supersymmetry breaking Lagrangian relevant to LFV studies is
(see the appendix for the notational details). The CMSSM assumes universal soft supersymmetry breaking parameters at the supersymmetry breaking scale, which we take to be of order the GUT scale, leading to the following GUT relations:
where m 0 and m 1/2 denote the universal scalar mass and the universal gaugino mass respectively (I is the 3×3 unit matrix). We conservatively assume that the trilinear terms A E and A N vanish at the supersymmetry breaking scale.
We run the parameters of the CMSSM using the renormalization group equations (see appendix) working in a basis where the Majorana neutrino singlet matrix is diagonal, integrating out each heavy neutrino singlet at its associated scale. After integrating down to the electroweak scale, we rotate the Yukawa couplings to the mass eigenbasis. In order to understand the origin of flavour violation in this model class, we first give a qualitative estimate. The leading log approximation of the off-diagonal slepton mass term is given by
(assuming that the trilinears vanish at the GUT scale), and using this approximation together with mass insertion techniques [29, 30] , the branching ratio for µ → eγ is
where m s is a typical sparticle mass. We see that since the flavour structure of the AB model class is specified so precisely, the branching ratio for µ → eγ is well determined.
In our calculation of the decay rate, we use the full one-loop expressions derived from the diagrams in figure 1 (see the appendix for more details).
The WMAP satellite observations [21] combined with constraints from b → sγ and LEP direct searches [31] strongly limit the available CMSSM parameter space if the LSP composes the dark matter [22, 23, 24] . In addition to these constraints, realistic supersymmetric GUT models must also survive LFV bounds, such as the limit on µ → eγ. In particular, using all of the available bounds, both cosmological and laboratory, we can further restrict the AB model class. However, we find that the rate for µ → eγ is largely unaffected by the allowed range [12] for these parameters. Panel 
Conclusions
The AB model class [10, 11, 12] , based on a U(1)×Z 2 ×Z 2 flavour symmetry, is a highly successful and predictive GUT scenario. This model class has the ability to accommodate all the observed neutrino phenomena and reproduce the low energy physics of the standard model. If it is assumed that supersymmetry is broken via mSUGRA and that the GUT breaks directly to the CMSSM, the AB model class is highly restrictive and hence allows for a precise determination for the rate of charged lepton flavour violation. In particular, we examined the process µ → eγ, since at the present time this flavour violating muon decay channel gives the strongest constraints on flavour changing neutral currents in the lepton sector.
As the WMAP satellite data [21] and laboratory direct searches [31] have already severely restricted the available CMSSM parameter space, the µ → eγ flavour bounds allow a strong test of the AB model class. We find that given the current bounds [25] on µ → eγ, BR(µ → eγ) < 1.2 × 10 −11 , the AB model class favours low tan β (i.e. 20) with µ > 0, however, there is a small region that is not excluded for tan β 35 with the sign of µ negative. If MEG at PSI [26] does not detect a positive LFV signal, BR(µ → eγ) 5 × 10 −14 , the AB model class will be effectively ruled out, given our conservative assumptions concerning GUT and supersymmetry breaking. It remains an open question as to whether or not other supersymmetry and/or GUT breaking schemes within the AB model class will be able to avoid these flavour violating bounds.
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Appendix
In this section we wish to clarify some of the calculational details. We carefully establish our notation and conventions. Also, we include the full one loop amplitude for the rate µ → eγ that we used in our calculations. Formulas similar to those given in subsections 6.2-6.6 can be found in [30] .
We express the supersymmetric Lagrangian using the 2-component Weyl formalism.
T denotes a column vector in generation space containing the SU(2) doublet lepton chiral superfields; 1,2,3 are generation labels, and α = 1, 2 are the SU(2) indices. E = (E 1 , E 2 , E 3 ) denotes a row vector in generation space containing SU(2) singlet charged lepton superfields. The gauge singlet neutrino chiral superfields are denoted by N = (N 1 , N 2 , N 3 ) .
Similarly, for the quark superfields:
T ; and the SU(2) singlet quark superfields are (2) Higgs doublet superfields of opposite hypercharge with the standard components: 
where 
whereB denotes electroweak U(1) gaugino field;W a , a = 1, 2, 3, denote electroweak SU (2) gaugino fields;
are the supersymmetry breaking parameters, and at the GUT scale:
where m 0 and m 1/2 denote the universal scalar mass and the universal gaugino mass respectively (I is the 3×3 unit matrix). After running the CMSSM RGEs (see subsection 6.6), we rotate all the Yukawa couplings to a diagonal basis, and in particular the lepton sector,
Not all of the bi-unitary rotation matrices can be absorbed away through the field redefinitions as the left-handed neutrinos become massive below the see-saw scale and after electroweak symmetry breaking.
µ parameter
The scalar potential of the Higgs fields is given at its minimum by
where g 1 , g 2 are respectively U(1) and SU(2) gauge coupling constants. We can use the SU(2) gauge transformation freedom to choose the vacuum expectation value of the charged Higgs field H − d = 0; then it follows that also H + u = 0 at the minimum of the Higgs potential. Therefore, we are left with only the neutral Higgs fields of equation (27) . The conditions that the minimum of the potential V breaks the electroweak symmetry properly are
where m Z is the mass of the Z-boson. After eliminating the terms containing b we obtain the tree level µ parameter relation,
Neutralinos
The neutralinosχ 
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An orthonormal rotation leads to the mass eigenstates:
where O ne is a real, orthogonal matrix. The mass matrix (32) can therefore be decomposed in terms of real mass eigenvalues, Mχ0 a , a = 1, 2, 3, 4,
and (31) can be rewritten as
Charginos
The charginos are mass eigenstates of the charged SU(2) gauginos and charged Higgsinos,
whereW
and the mass matrix is
(m W is the W -boson mass). The mass eigenstates are given by
where O R and O L are real orthogonal matrices, and they can be chosen so that the mass
are positive, and
Equation (36) can be written as
Sleptons
Masses of the charged sleptons are given by the Lagrangian
with the mass matrices
and m l 1 , m l 2 , m l 3 are electron, muon, and tau masses respectively. The above Lagrangian written in terms of mass eigenstatesf 1 , ...,f 6 (six complex scalar fields) is
and Uf is a complex unitary matrix defined by
Uf.
Similarly, the light sneutrinos (the heavy singlet sneutrinos are ignored since they have decoupled well above the weak scale)
The sneutrino mass Lagrangian written in terms of mass eigenstatesñ 1 ,ñ 2 ,ñ 3 (three complex scalar fields) reads
with the mass eigenstates defined by
and Uñ is a complex unitary matrix satisfying
Uñ.
Lepton Flavour Violating Interactions
The interactions leading to the lepton flavour violating process l j → l i + γ involve two effective Lagrangians: neutralino-lepton-slepton and chargino-lepton-sneutrino. Written in the mass eigenbasis they are
and
The on-shell amplitude for l j → l i + γ can be written in the general form
here we have used Dirac spinors l i (p − q) and l j (p) for the charged leptons i and j with momenta p − q and p, respectively; L = (1 − γ 5 ) /2 and R = (1 + γ 5 ) /2. Each of the dipole coefficients A L and A R have contributions from the neutralino-lepton-slepton and the chargino-lepton-sneutrino interaction, namely,
R can be evaluated from the Feynman diagrams in figure 1 ;
The functions J 1 (x), J 2 (x), J 3 (x), J 4 (x) are defined as
J 3 (x) = 2 + 3x − 6x 2 + x 3 + 6x ln x
J 4 (x) = −3 + 4x − x 2 + 2 ln x
Finally, the decay rate for l
and i = 1, j = 2 for µ → e + γ.
Renormalization group equations (RGEs)
The general form of the supersymmetric renormalization group equations [33, 32, 30] are
where X is any of 
Y E = Y E −3g
Y U = Y U − 13 9 g 
